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1. Introduction. Let P;(n) denote the number of partitions of n into positive
integers of the form n=»5, + - - - + b, with b, —b, ., = d where strict inequality holds
if d|b;. P,(n) appears in the first Rogers-Ramanujan identity [5, p. 291]. Py(n)
appears in the first of the Go6llnitz-Gordon partition theorems [2, p. 945], and
Pgy(n) appears in a partition theorem of I. J. Schur [6, p. 489].

For d> 3, we have the following result due to H. L. Alder [1, p. 713].

(1.1) Let S be any fixed set of positive integers. Then P,(n) is not identically
equal to the number of partitions of » into parts taken from S if d> 3.

In a different approach, B. Gordon [4, p. 394] has made the following generaliza-
tion of the Rogers-Ramanujan identities.

(1.2) Let a and k be integers with 0 <a=<k. Let A, ,(n) denote the number of
partitions of » into parts #0, +a (mod 2k +1). Let B, 4(n) denote the number of
partitions of »n of the form n=5b,+ - - - +b, with b;= b, 1, b;—b;,_,=2, and with
1 appearing as a summand at most a—1 times. Then A, ,(n)= B, ,(n).

The Gollnitz-Gordon identities have also been generalized in this manner [2,
p. 946].

(1.3) Let a and k be integers with 0 <a<k. Let A% ,(n) denote the number of
partitions of z into parts which are neither =2 (mod 4) nor =0, + (2a—1) (mod 4k).
Let Bf ,(n) denote the number of partitions of n of the form n=5b,+ - - - +b,, with
b2 b; .1, no odd parts are repeated, b;—b; .1 = 2 with strict inequality if 2|b; and
at most a— 1 parts not exceeding 2 appear. Then Af ,(n)=Bf .(n).

This leads us to define the following partition function. Let B, , ,(#) denote the
number of partitions of n of the form n=b,+ - - - +b,, with b;2b,,,, no parts
#0 (mod A+1) are repeated, b;—b;,,_12A+1 with strict inequality if A+1|b;
and at most a—1 parts not exceeding A+ 1 appear. We note that B, , ,(n) appears
in (1.2); B, x,«(n) appears in (1.3), and B;_; o 9(n) =Py(n).

QUESTION. If k is sufficiently large with respect to A, does B, . .(n) appear in a
partition theorem of the Rogers-Ramanujan type?

We answer this question affirmatively with the following result.

THEOREM 1. Let 0=A=ask be integers, and 2A—1=k. If X is even, define
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Aj k.a(n) to be the number of partitions of n into parts such that no part #0 (mod A+ 1)
may be repeated and no part is =0, +(a—3iN)(A+1) (mod Rk—A+1)(A+1)). If A
is odd, define A, ;. .(n) to be the number of partitions of n into parts such that no part
#£0 (mod 3(A+ 1)) may be repeated, no part is =A+1 (mod 2A+2), and no part is
=0, +(2a—N3(A+1) (mod 2k —A+1)(A+1)). Then A, i, o(n) =By x,qo(n).

There is numerical evidence to suggest that the condition “k=2A—1" is un-
necessary; but, the proof given here strongly relies on this condition. Actually the
case k=A=a=2 violates this condition; however, Theorem 1 becomes Schur’s
theorem in this case.

In §2, we shall develop results concerning auxiliary partition functions. In §3,
we shall prove Theorem 1; our work will be based on the generalized well-poised
basic hypergeometric functions studied in [3]. In §4, we prove a more general
theorem than Theorem 1 in which the parameter a is allowed to take values in the
interval (3, k]. In §5, we discuss possibilities for further work.

2. Auxiliary partition functions. Let w(k, A, ¢, j, u; n) denote the number of
partitions of n of the form n=37?21! f;-i (here f; is the number of times the summand
i appears) where

2.0 fit- - Hhaa=k—=24];

22) fas1t - tfaa=k—t;

(2.3) fmt - - +fnsa2k for some m;

(2.4) f.>1 implies a=A+1;

(2.5) fit -+ =k+p.

Throughout our discussion we shall assume k, A, ¢, j, and p are all nonnegative
integers with j< A, k=max (1, 2A—1), and =(k, A, ¢, j, n; 0)=0.

Let g(k, A, 1, j, 15 Q) =2n=0 7k, A, 8, J, 5 M)g"™.

LEMMA 2.1.

(2‘6) g(ka A’ t, j’ 23 q) = q(k “ha I)OM(A)U?\ +u+t -J(A)3

where

o(N) = gl¢+vre [i‘] ,

_ e (@D (@ -1) <<
1 @-D-@-p ~ CEIEH

=0, otherwise;

thus o,()) is just the generating function for partitions into exactly i distinct parts
with all parts <.

Proof. We proceed by induction on the second argument of g, namely A. If
A=0, then since j<A, j=0. The conditions (2.1)-(2.5) imply fi=k+j=k—t
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=k+u2k; thus j=t=p=0. Thus the only allowable partition is of k into k
““ones”. Therefore

g(k90’ t’ja/'l';q) = qk lfp, =] =t = 0’
=0 otherwise.

On the other hand, consider the right-hand side of (2.6); call it G(k, 0, ¢, j, i; 9).
The only way G(k, 0, ¢, j, 1; q) will be nonzero is if u=0, t=j, and since j=A we
have t=j=0. Hence

G(k,0,t,j,p;9) =q* ifu=j=1t=0,
=0 otherwise.

Thus the lemma holds for A=0.
If n=0, there are just k parts appearing in the partition by (2.5), and since (2.3)
must hold we see that there exists a particular m such that

Jat o H =k, fi=0 fori<mori>m+A

If we set A=fi+---+fy, B=foa+a+ - +far+1, then (2.1), (2.2), and (2.5) imply
A=t+p, fry1=k+j—A—t—p, B=A+pu—j; thus in case u=0, A=t, fi.1=
k+j—A—t, B=X—j. Let us now consider any partition of the type described in
this paragraph. If we subtract A+ 1 from each of the A—j parts greater than A+1,
we get a partition with A+ 1 appearing k +j— A — ¢ times with A+ ¢ —j remaining parts
which are distinct and are all < A. Conversely if we have a given partition in which
A+1 appears k+j—A—¢ times and there are A+¢—j remaining parts which are
distinct and are =<\, we define m to be the integer such that fi+--- +f,_;=A—},
and we add A+1 to each part <m; this gives us precisely the type of partition
described at the beginning of this paragraph. Hence by the definition of o,(A),

g(k’ )‘, t,j, O,Q) = q(k'H_A_‘)(A+1)+(A_j)0\+1)0)\+t-j(h)
= q(k_t)(A+1)0A+t—j()‘)
= G(k, A\ t,j,0;9),

and (2.6) is verified in this case.
We now proceed by induction on A (>0), and we may also assume p>0. Our
first task is to verify

alk, \, 1, j, s i) = m(k, A= 1, 1, j— 1, 3 ntjmk— 2= A)
+a(k, A=1, 8, j, p;n+j—k—2p—2)
bl A= 1, 1, j=2, p— 13 ntj—k— 20— )
4, A= 1, 1, j— 1, p— 13 ntj—k—2u— N).

@.7)

To verify (2.7) we proceed as follows. Let us consider a partition of n of the type
enumerated by w(k, A, ¢, j, p; n). Let us subtract 1 from every summand SA+1,
and let us subtract 2 from each summand > A+ 1. The number being partitioned
now is n—(k+j—A)—-2A+p—j)=n+j—k—2p—A. Four cases are to be
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considered depending on: (1) fi=/1.+2=0; 2) 1=0, fa:2=1; Q) fi=1, fo+2=0;
4 fi=fa+2=1.

We let £ denote the number of appearances of i in the transformed partition.

Thus for example in case (1), conditions (2.1)-(2.5) now read

Q.1 fit--+fi=k—(A=D+j—1;

22, fit - - +fori=k—t;

2.3)y fut - +fmer-12k for some m;

(2.4); fo>1 implies a=A;

(2.5 fit - +fir-1=k+p.

Thus we have a partition of the type enumerated by

wk, A=1, 1, j— 1, w3 n+j—k—2u— ).

Indeed the above procedure establishes a one-to-one correspondence between
those partitions enumerated by w(k, A, t, j, u; n) which fall in case (1) and the
partitions enumerated by =(k, A—1, ¢, j—1, p; n+j—k—2u—2). Similarly in the
other three cases we get the other three partition functions appearing on the right-
hand side of equation (2.7). Thus (2.7) is established.

(2.7) implies

gk, A t,j, s q) = g2 gk, A= 1, 8, j— 1, p; @)+ 8k, A1, 1, j, 3 q)
(28) +g(k’ ’\_ 1’ t’j_z’ f"'_l’q)
+g(ka A_I’ t’j'_l’ f"—l;q))'

Let us now examine the right-hand side of (2.6) which we have called G(k, A, ¢, j, 1 ; ).
Now

@9 oi(d) = g’o,A— 1D +g’o;_,(A-1);

this is merely a restatement of the well-known formula for Gaussian polynomials

A A—1 A—1
PR
(2.10) 177
Consequently

Gk, A 1, j, 15 q) = %722 V0, (Mo 44~ 4(A)
= q"‘”“”‘*“*“’q(’“”"(au()t—1)+a,,_1()\—1))
X (@asurt- ;A= D+0onsuse-5-1(A—1))
= gt NGk, A1, 8, -1, p;q9) + Gk, A=1, 1, , n; q)
+Glk, A-1,t,j—-2,p—1;q)
+G(k, )‘_1, t’j'_ la /"—laq))-

2.11)

Now we know that g(k, A, ¢, j, p; q) and G(k, A, t, j, u; q) are identical if either A
or u is zero. Thus since they both satisfy the recurrence (2.8), we have by induction
on A that they are equal in general. Thus Lemma 2.1 is established.
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LeEMMA 2.2. Let wy(k, A, t, j; m; n) denote the number of partitions of n into m
parts of the form n=311 fi-i, where

(212) fi+ - +haaSk—2A4);

(2.13) fis1t - +Hfaas1=k—1;

(2.14) fo+ - - +f, 422k for some v;

(2.15) fo>1 implies a=A+1.
Let

gk N bjixiq) = D D xgrmy(k, A t, j; m;n).

m=1 n=1

Then

u=

A j-—u-t
gk, A, 1,5 X5.9) = Xg*-00+D D g () D oy, (M),
r=0

Proof. By the definitions of = and =, it is clear that
mlk, N G j ktpsn)—mk, At j—1; k+p;n) = w(k, A, t, j, p; n).

Hence
gl(k9 A’ t}j; x; q)_gl(ka A, taj_ 1 ’ x; q) = z xk+“g(k’ A’ t:js F‘; q)
u=0
= 2, AN Ve, War - )
Therefore

gk, A t,j; x5 9) = Z Z kHugGe=DO+ DG (N 4 41-4(A)

j
= e 5 0,0 3 oriperni)
T

u=0 +t
-t

=u
A et
= xkgk-bO+D z x*o,(N) 2 ar-(N).
u=0 r=0
To conclude this section we prove a result concerning the multiplication of
generating functions.

LeMMA 2.3. Let p,(A; c; m, n) denote the number of partitions of n into m parts
all <c where the summands are subject to a set of conditions, A. Let p,(B; c; m, n)
denote the number of partitions of n into m parts all =c where the summands are
subject to a set of conditions, B. Let

Silx, 9) pl(A; c; m, n)x™q",

Sa(x, q) Pz(B c; m, n)x"q",

where we assume that f(x, q) is absolutely convergent for |x| <b,, |q|<1.
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Then for |x| <min (by, by), |q| <1, if we let

[0, 9) = D D pa(d, B c; m, n)x"g,
m=0n=0

then ps(A, B; c; m, n) is the number of partitions of n into m parts such that the
summands <c are subject to condition A and the summands Zc are subject to
condition B.

Proof The result follows directly from

ps(4, B; c;m, n) = > Pi(A; ¢; my, n)pa(B; ¢; mg, ny).

my+mg=m;ny+ng=n

3. Proof of Theorem 1. We begin by studing certain g-series considered in [3].
As in §2, we require that k = max (1, 22— 1). We define

3.0 Inei®) = Npix;9) = Jeil(=4, =4 ..., —¢"; x;4**Y);
(3.2 Hy o (%) = Hyies(x;9) = He(—q, —¢2, ..., —¢"; xq"* 54",
where (as in [3])

@y, ..., ax; X5 9)

(= )"+ Dxkn(g g, . . g,) ~mg2e-A+ DR2/2+ A+ Dn/2+(k—in

Ms

0

A-g)-t T] (-xg9- H(H(l ag) T1 (1-3))

n
r=1 u=n+1 w=n+1

'{1 + (_ 1)A+1xtq(2n+1)t—)m(1 —alq")(l —azq") (1 —ag"
aa; - ax(1—xq"* ta; H(1—xq"*az Y- - -(1—xq"* 'a -1)

n

3.3)

Hiay,...,ax;9)

M8

( — l)n(i\ + l)xkn(ala2 e a}\) - nq(2k —A+Dn2/24+ A+ 1n/2 - in(l — xlq2nl)

~) [T (-xg- 11‘[(1’[(1 ag) T1 (1-3)).

=1 =1 \v=0 w=n+1

n

3.4

]
s ©

Then from [3, equation (2.1)], we have
(3-5) Hy e ()= Hy e,i-1(%) = (@) "M i ie—1+1(xg* )5

from [3, equation (2.2)], we have

(3.6) Tppea(x) = Zo Xo (N Hy jei-§(%);

from [3, equation (2.3)], we have

3.7 Hy e, -i(x) = —(xq** )" Hy 1. (),
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and from [3, equation (2.8)], we have
(3.8) Hy 5e,1(%) = Tneal(xq* 1) = Ty e err(xg ).

LeMMA 3.1. Let |q| <1, and let H¥, (x) (02i<k) and J}¥, (x) (1 Zi<k) be any
collection of functions analytic in x in the neighborhood of zero which satisfy

(B9  H¥i()—Hlio1(0) = (¢! ¥ kmina(xg**?),  15isk;

(3.10) HY¥ o(x) = 0;
mind,A)
Ji’fk.t(x) = xjaj(A)H)\*:k.l-j(x)
(3.11) 1=0
A
—x! gAY De (N HRY ;- i(%);

j=min{,A)+1
(3.12) H¥e0) =7%,0 =1 1=sisk
Then Hy¥y (x)=H) i (x), and ¥, 1(0) =T .1 ().

Proof. We need only show that solutions of the above equations are unique
since (3.3)-(3.8) imply that the H, ; (x) and J, ;. (x) fulfill the conditions of the
lemma. If we can show that the H}¥, ;(x) are uniquely determined, then since the
J¥ (%) are defined in terms of the H¥, (x) by (3.11), the J¥, ,(x) will be uniquely
determined also.

From (3.9) and (3.11) we have

H)tk,t(x) - H)tk,l -1(%)

min(k —i+1,A)
= (xg"*1)i~1 Z g Vo NH ¥ k- y41-5(6q 1)
3.13 =0
(3.13) .

_ (xq)\+ 1)k-l+ 1 q()\ +1Xk—-i+1 _j)oj(A)H)?‘,k,j- Ktie l(qu'l- 1).
j=mink-i+1,A)+1

Hence if H¥, (x)=22-0 7.(i)x", then by (3.10) and (3.12)
() =1 1=2igk,
=0, i=0.
From (3.13),

7a(1) =7, (k)g™** = polynomial in 5,’s with j < n,
72(2) —na(1) = polynomial in 5,’s with j < n,

(k) —ma(k—1) = polynomial in 5,’s with j < n.
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We consider the above equations as a system of k equations in the k unknowns
72(1); 70(2), - . ., 7a(k). The determinant of the system is 1 —g"**V#0 since |g| < 1.
Hence the 7,(i) are uniquely determined by the %,’s with j<n. Hence by mathe-
matical induction the 7,(i) are unique, and therefore the H3¥, ;(x) are unique. Thus
Lemma 3.1 is proved.

LemMA 3.2. Suppose |q|<1, kzmax (1,22—1). Let H{, (x), 0Si<k and
J#e(x), 1Si<k be any collection of functions analytic in x in the neighborhood of
zero which satisfy

(3.14)  Hf (x)—H i i-1(x) = (xg** )~ koie1(xg™ ), 1<i=Zk;

(3.15) ka,o(x) =0;

mind,A)
(3.16) JEa(x) = XN Hiy. o - (%), 1 =isk—-2A+1;
f

=0

A
Jek-rs14/x) = Z X0 (N HE ke - n 4145 -1(%)
3.17) =

j
=2 gl A rj; s QHE (gt  1Sj< ),

r=0

where g (k, A, 1, j; x; q) is defined in Lemma 2.2.

G18)  HEHO =1, 1=isk JHhO=1 1=isk
Then if we define
H¥e(x) = H¥i(x),  0=i<k-2+1,
7 ji-r
(3-19) = H)fk,g(X)—z H)fk,r(xq}‘+l)x"q()u-l)(k—r) Z ah—m(A),
r=1 m=0

i=k—A+1+j,1Sj <X
(3.20) J¥ea(X) = xTFHHE o1(xq™ ) = H¥ eo(xg™ 7)),

then H3¥, (x) and J¥. (x) fulfill the equations of Lemma 3.1 and for ASiZk,
S¥ex)=J )ﬁk.i(x)'

Proof. Obviously (3.9) and (3.10) are fulfilled from (3.20) and (3.15). Clearly
for ASi<k,
J¥ea(x) = x T HRE —01(xq ™) — H¥y e i(xg ™27 1)
= X HE o110 ) = Hif e i(xg ™)
= Jf e (x).
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Now if ASi<k—A+1,(3.19) and (3.16) show that (3.11) is valid. If i=k—A+ 1+,
15j<A, then

Jf,k,k—)\nu(x) = J}flc,k-uu;(x)

j-1 A
= Z xrar(/\)H}(#,k,k-A+1+j—r(x)+z X0 (NHE kv 145-r(%)
r=0 r=7

i
—Z gk, A, r, ji x; Ht (xg™+Y)

r=

ji—-1
= 5 O Bsonsres )+ 3 Bl Yo )00

e j—zr—va,‘_w(h))

w=0
A

D X0 (NHE ks 14-1(%)

r=

Z gk, A, r, jis x5 Q) HR o(xq** )
r=0

<.
<

xrar()‘)H;tk.k —A+1+7 —r(%)

Il
N>

0
J

- -
D Hi (xg))xkgh-va+y Z X7a(A) Z ar-u(N)

v=1 =

gk, A, 1, j; x; ) HY¥, (xg*Y)

<
]

M\

r=0
= Z X'o (N H ¥ k-as145-r(X),
r=0

where the last equation follows by Lemma 2.2; thus again we have (3.11).
Finally, if 1 Si<A, then

A=i -
IRk a(x) = x_kH(ka,k-tn(xq_h_l)— z HE o(x)xkq=o0+D Z o -w(A)
A-

 Hfpg )+ 2 Hf (g0 S oh_w(h))

v=1 w=0

A=t
= J# (%) —x* z H# o()q™"** Vo, (X)
v=1

i

= > XoNHf - fx)—x* Hity o ()¢ Vg, (2)
i=0

N>

-

v=i+1

N>

i
= > X0 (NHEg - (6)—x' H¥y - (X)g4 Y+ g (),
i=0

-

v=i+1

which again is (3.11).
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Now from (3.19) it is clear that H¥, ,(0)=1, 1 2i<k, and since J¥, i(x) satisfies
(3.11), J3¥,.«(0)=1, 1 i< k. The analytic nature of these functions is now obvious
from (3.19) and (3.11). Thus we have Lemma 3.2.

COROLLARY 3.3. The set of functions described in the hypothesis of Lemma 3.2 is
unique and exists.

Proof. By Lemma 3.1, the H¥, (x) and J;¥, ;(x) defined in Lemma 3.2 are unique,
and thus by (3.19), (3.14), and (3.16) so must H{, ,(x) and J§, ,(x) be. For existence
take H)fk'g(x) -_—“H)‘,k,((x), 0 <is< k—X+ 1,

] j=r
H (%) = Hajea()+ D Hy o r(xg )x¥g@+ %= > 5, (),
r=1 m=0
i=k=A+14j,12j<A,

JEea(x) = Ty ki(x), A=SiZk,

1
Jteax) = Z X'a (N H) i1 - (%), Il=si<aA
i=o

Thus we have the corollary.
We are now in a position to establish our main result.

Proof of Theorem 1. Let P, . .(m, n), | £a<k, denote the number of partitions
of n into m parts of the form n=372, f;-i, where fi+ - - - +fisaSk—1, finsny+ -
+fornarnSk—1, fi+---+fir12a—1, f,>1 then A+1|b (equivalently, n=
bi+ - +bp, b;Z b1, b—by 1= A+1 with strict inequality if A+ 1|b,, the total
number of parts <A+ 1 does not exceed a— 1, and only multiples of A+ 1 may be

repeated).

Let O, k,.(m, n) denote the number of partitions described above in which
Sfi=fo=---=£,=0 (i.e., the smallest part is =A+1).

Let

[

Fwa® =14 > > Prpdmmnx"g", 12a

m=1n=

8

._
IA
x

A
X

H)I\,k,a(x) =1+ Z z Q)\,k,a(m’ n)xmq", l1=a

m=1n=1

Hj ie,0(x) = 0.

By comparison with the generating function for the number of ordinary partitions
of n into m parts, we see that we have convergence for |g| <1, x| <|g| ~*; thus, for
given |q| <1, the above are analytic in a circle of radius >1 around x=0.

Also Hj ;. .(0)=J; ..(0)=1, 1Za<k.

Our next object is to show that these functions satisfy (3.14)-(3.17).

Beginning with (3.14), we consider Q, x.(m, n)— Q, .i-1(m, n); this expression
enumerates those partitions considered by Q, ..(m, n) in which A+1 appears
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exactly i—1 times. Let us now subtract A+ 1 from each part in such a partition; the
number being partitioned is reduced to n—m(A+1), and the number of parts
appearing is now m—i+ 1. Since we had originally

Sovet o = k=1-fis1 = (k=i+1)-1,
we have after subtraction

Otherwise the conditions on the summands are just shifted but unaltered. Thus we
are now considering a partition of the type enumerated by

Py i i-i+1(m—i+1, n—m(A+1)).

The above procedure establishes a one-to-one correspondence between the par-
titions enumerated by Q, xi(m, n)— Qn xi-1(m,n) and those enumerated by
Ph,k,k_,+1(m—l'+ l, n_m(A'l' 1)). Hence

O ieillm, )= QO ii-1(m, 1) = Py g oy 21(m—i+1, n—m(A+1)).

In terms of generating functions, this implies
Hy e i(0) = Hy ey 1 (%) = (3@ ) 5 peem101(6@™ + ),

which is (3.14).
(3.15) is by definition.
We now treat (3.16). I claim that for 1<isk—A+1

(3.21) Xoj(NH; ki-x), 0 = j = min(,A),

is the generating function for the number of partitions of the type enumerated by
P, i.i(m, n) in which exactly j parts <A appear.

By Lemma 2.3, (3.21) is the generating function for partitions in which there are
Jj distinct parts = A and the parts = A+ 1 satisfy the desired conditions. Is it possible
then that any of the conditions on the partitions enumerated by P, , (m, n) could
be violated ? This is not possible because for I Sv=<A

St AR SE A Si—j=l fuat e Hhe So-1;
hence
fot ot four S jHi—j—14v—1 = i+v-2.

If v=1, this is fi+ - +fi+1Si—1 as desired, and if 1<v<A, this is f,+ -
+foirSi+v—22k—A+1+A—-2=k—1 as desired.

Conversely it is easily seen that any partition of the type enumerated by
P, ..«(m, n) with exactly j parts <A is of the type considered by (3.21).
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Thus clearly

i
Tisea®) = 2 Xo;(NH; - (x)
i=0
min ({,A)
= X
=0

2

j

To (N H, ki - (%), 1 sigk-2+],

which is (3.16).

For (3.17) we note that the above procedure must be modified since now in
considering (3.21) with i>k—2X+1 it is indeed possible that there exists v with
1<v= A, such that f,+- - - +f, .22k,

Indeed by the preceding argument for 1<j<A

A

(3.22) > X0 (NH; sese-rs1+5-r ) =T sek—as145(%)

r=0
is the generating function for partitions of the type enumerated by
Py ik-a+1+5(m, n)

except for the fact that for some v, 1 <v= A, fo+ - +f,a2k.
On the other hand, let us consider

(3.23) gk, A r, s x; OH; i p(xg™*?), 0 =r< A

I claim that this is the generating function for partitions of the type described in
the preceding paragraph in which f, .1+ -+ - +faoas1=k—r.

By Lemma 2.3, Lemma 2.2 (and the fact that H, , (xq"*!) is the generating
function for partitions of the type enumerated by P, ,(m, n) with the added
restriction that fi=f,=" - =f51+1=0, faa+2=r—1), we see that (3.23) is the
generating function for partitions of »n into m parts of the form n=32, f;-i,
where

(3.24) Sit ot S k=24

(3.25) Sasrt ot = k—r;

(3.26) fot - +fosanz k forsomev, 1<ovZA;
3.27) f. > 1 implies A+1]a;

(3.28) Jot ot fnea S k=1, form = 2X+2;

(3.29) Suoasnt o Hfmivasn S k-1, mz2;

(3.30) Sars2a Sr—1

We shall establish the claim made for (3.23) if we can show that the following
two conditions hold for the partitions considered.

(3.31) Jot o Hfmea S k=1, forA+1 < m < 2A+2;
(3.32) Sasrt - +faasa S k-1
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Now (3.32) is clear from (3.25) and (3.30). As for (3.31) we have

Jat o Hfasitfavst o Hfaaa 2A faa ST
therefore
Jot o Hfna SA+r—1 2 A4+2-2=20-2 < k-1.
Thus (3.23) is the desired generating function.
Consequently for 1=<j<A,

A
Z X0 (NH; s —rs147-1(X) =T ke -as14+ %)
r=0

A-1
= > gilk, \, 1,3 X; @) H} 1o (xg )
r=0
j
= Z gl(k’ A, rj;x; q)H),\.k,r(qu*.l)a
r=0

which is (3.17); the second to last equation is summed to A—1 only because (3.25)
and (3.24) contradict (3.26) if r= A.
Thus by Corollary 3.3 and its proof,

(3.33) i) = Ty pea(X), ASisk
Finally
1+ Z By .(m)q"
n=1
=1+ z Z Py ki(m, n)g"
n=1m=1
= J)\.k,i(l)

e 121 (1 +qf)(1 +q!(7k+1))- 1(1 _ql()\+1))-1(1 __q(2k—A+1)(7\+1)j-—((—{7«)()\+1))
j=1

(1 —g@E-A+DA+1DE-1D+E-FNA+1) —g2k—-A+1)XA+1)
(1-¢ WAL (1-q )

0 a0
[T a+¢) I (1-¢°)"%, Aeven
j=1 $=0
J#0(modA+1) s#£0, 01— i)j(ﬁ g(ﬁ?l;‘lt?dtéli —A+1@A+1)
= 0 0
[ a+o I (1-¢97% Aodd
j=1 $=0
romanior ) E ARG R

1+ Z A k(n)g",

n=1

where the third to last equation follows from [3, equation (2.9)]. Hence A, (n)
=B, ;.i(n) and Theorem 1 is established.
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4. Extension of Theorem 1. We extend our definition of B, x .(n) as follows.
Let By . .(n) denote those partitions of #n enumerated by B, ., .(n) such that for any
integer j in the interval [1, $(A+ 1)], there must be at most a—j parts of the partition
in the interval [j, A—j+1] (in terms of frequency notation the new condition is
fit - +HficiriSa—j, 12j24(A+1)). We define P, .(m, n) similarly.

We remark that for a2 A, B¥,. ,(n)= B, i (7). This is because the new conditions
are automatically fulfilled for a2 A, since the number of summands in the interval
[j,A—j+1]is Smin (a—1, A—=2j+2)<min (a—1, a—2j+2)<a—j.

In Theorem 1 we note that A, , .(n) is well defined for $A <a=<k. We now have
the following extension of Theorem 1.

THEOREM 2. A, .o(n)=B¥, o(n) for IA<ask, k=2x-1.

This theorem will be easy to deduce from Theorem 1 after we digress briefly for
a study of a new auxiliary partition function.

Let ¢(i, j, A; n), 3A<i= A, i£j< A, be the number of partitions of n into 2i—j
distinct parts of the form n=>3_, f,-e where at least one of the following inequalities
holds

4.1), Sot o Ffacper > i=b, 1 = b = 3(A+1).
Let 4@, j, A; ) =220 (0, j, A; n)q™
LEMMA 4.1. For 3A<isS A iSjSA,

4.2) (i, j, A; q) = q¢~ P2+ Vay(A).

Proof. Now if i=j, then 2i—j=i. Therefore fi+---+f,=i>i—1. Hence
¥(i, i, A; q) is just the generating function for partitions into i distinct parts all < A.
Thus

(4.3) $(i, i, A5 9) = o(A).
We now wish to show
4.9 Pi+1, 7, A5 9) = ¢, J, A5 9);

(4.4) together with (4.3) imply (4.2) by mathematical induction.
We proceed as follows. For a given partition, =, of the type enumerated by
®(i, j, A; n), define

4.5) m(m) = lgbrgﬁfﬂ)fﬁ-'-+fH+1~i+b;
(4.6) U = min{b | f+ - +fr_ps1—i+b = m(m)};
4.7 L(m) = max{b | fo+ - +facos1—i+b = m(@)}.

We now note that

4.8) Somw-1 = fa-vm+2 = 0; Jumy = faczm+1 = 15
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(4.8) is correct because the falsity of the first assertion would contradict the
minimality of U(w), and the falsity of the second assertion would contradict the
maximality of L(w) (note that U(w)> 1 for j>i because i—1=2i—j=f;+--- +f, in
contrast with the fact that (4.1), is valid for some b).

We now prove (4.4). If = is a partition enumerated by ¢(i, j, A; n) delete from =
the summands L(=) and A— L(7)+ 1, and call the new partition #='. 7’ is a partition
of n—A—1 with 2(i—1)—j parts.

4.9 U(#') = L(7)+1;
this is because if b<L(w)+1, then in =’ we have
Sot ot fiprr= (=D +b = fot - Hfipr1=2=i+14b = m(m) -1,
while for b= L(7)+ 1
fit -+ hicosr= (= Db = fyk - +fiprr—i+1+b < m(m),
and
frwrt  +ficpm— (=D +L(m)+1
=fimt  th-wm+1—2—i+1+L(m)+1
= m(m).
Now since originally m(m) >0, we see that m(w)=m(=")>0, and therefore =" is a
partition of the type enumerated by @(i—1, j, A\; n—A—1).
Conversely if =’ is a partition of the type enumerated by ¢(i—1,j, A; n—A—1)

then introduce the summands U(n")— 1, and A— U(#’) + 2 and call the new partition
«". 7" is a partition of n into 2i—j parts.

(4.10) L(#")y = U=")-1;
this is because if 5> U(=')—1
Bt B aa—ith = fit +f == D+b—1
= m(n)—1,
while for b= U(n')—1
_ﬁ)”'l' ce +_f):,_b+1_i+b = fb’+ ct +ﬂ_b+1—(i— 1)+b+2—1
S m(@)—142-1 = m(a'),
and
Soar-1+ Hfa-van+a—i+ UE)—1

= foart  th-var+1+2—([(— D)+ U@=")-2

= m(a").
Thus we see that the above procedure establishes a one-to-one correspondence
between the partitions enumerated by ¢(i, j, A; n) and those enumerated by
e(i—1,j, A; n—A—1). Therefore
@.11) g(i+1,7, 45 1) = (i, j, A; n—A~1).
We deduce (4.4) immediately from (4.11). Thus we have established Lemma 4.1.
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Proof of Theorem 2. We have already noted that Theorem 2 is just Theorem 1
if a= A. We thus need only treat $A <a <A. Under these conditions we let Jy , .(x)
be the generating function for P¥, .(m, n). Then as in the proof of Theorem I,

A
TR eaX) = T jea¥) = 2 X2 79(@, j, A; @) Hy k- olX)
(4.12) . R
=2 Po(NHrka- ()= 2 X™7(a,j, X; ) Hyks-ox)
ji=0 j=a+1

for the first term on the right-hand side (from the proof of Theorem 1) generates
the partitions enumerated by P, . .(m, n) and the second term, by the definition of
¢ and Lemma 2.3, just removes those partitions enumerated by P, ;. .(m, n) which
are not enumerated by P, .(m, n).

Now on the other hand from (3.6) and (3.7)

A

(4.13) ok = D X0 (NHy am (X)—x% D @M Vo (NH, b ;o).
ji=0

j=a+1

Consequently by Lemma 4.1
(4.14) T = Jak,a(1).
The remainder of the proof is now identical with that of Theorem 1.

S. Conclusion. Let us define K(A) to be that integer such that for k= K(})
Theorem 2 (and consequently Theorem 1) holds.

CONJECTURE. K(A)=A.

It is fairly easy to show that K(2)=2, and indeed numerical evidence indicates
the truth of K(A)=A for A=3, 4, 5. The main problem in proving the conjecture
lies in the fact that the g-difference equations become much more involved for
smaller values of £ and the related partition identities become even more cumber-
some.

A further interesting question seems to be whether or not even smaller values of
k may be taken provided new restrictions are put on the partitions enumerated by
B, 1..o(n). As an example, Schur has proved [6, p. 495] that

Az 02(n) = Bg.z,z(”)

where B3 , »(n) denotes the number of partitions enumerated by Bj 5 o(n) with the
added restriction that no parts are =2 (mod 4).
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